Concepts of Mathematics Weekly Assignment #2 Due July 14

Let f: R — R. We say that f is increasing if f(x) > f(y) whenever x > y. Similarly f is decreasing if
f(x) < f(y) whenever z > y.

(25 pts)

(1) Let f,g: R — R. Prove or disprove the following statements.
(a) [+3] If f, g are increasing, then f o g is increasing,.
Proof. Let x <y, then as g is increasing g(x) < ¢g(y). Also, as f is increasing, (fog)(xz) = f(g(z))
F(ow) = (f 0 9)(w), 5o f 0 g is increasing.
(b) [+3] If f is increasing and g is decreasing, then f o g is decreasing.
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Proof. Let x < y, then as ¢ is decreasing g(z) > g(y). As f is increasing, (f o g)(z) = f(g9(z))

f(g(y)) = (f o 9)(y), so f o g is decreasing.
(c) [+3] If f is increasing and g is decreasing, then f — g is increasing.
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Proof. Let < y, then as f is increasing f(x) < f(y) and as g is decreasing g(z) > g¢(y), so
—g(x) < —g(y). Thus, (f—g)(z) = /() —g(x) < FW)—9(u) = (/—9)(), 50 [ —g is increasing. O
(d) [+3] If f,g are increasing, then fg is increasing.
Proof. This is false. Let f(z) = g(x) = x, so certainly both f and g are increasing. However,
(fg)(z) = 22 which is not increasing as witnessed by (fg)(—2) = 4 > 1 = (fg)(—1) even though
-2< -1 g
(2) For sets A, B, define the symmetric difference to be AN B:=(A\ B)U (B\ A).
(a) [+5] Prove that AA B = (AUB)\ (AN B).
Proof. (C) Let © € A A B be arbitrary. By definition, this means that + € A\ B or x € B\ A.
First suppose x € A\ B, then certainly x € A C AU B, so x € AU B. Additionally, z ¢ B, so
x¢ ANB. Thus z € (AUB) \ (AN B). The same argument up to switching the roles of A and B
works if z € B\ A, so we have shown that AA B C (AUB)\ (AN B).
(D) Let z € (AU B) \ (AN B) be arbitrary. Therefore, x € AU B and « ¢ AN B. First suppose
x € A. As x ¢ AN B, this means that x ¢ B, so v € A\ B, so x € A/A B. On the other hand,
if z € B, then as x ¢ AN B, we have x ¢ A. Thus, z € B\ A, so © € A /A B. Thus, we have
(AUB)\(ANB)C AAB. O
(3) [+8] Which of the following is true? Prove your claim.

(a) P(N) ¢ | P(n])

neN

(b) P(N) 2 |J P(ln)
neN

() P(N) = [ P([n)).
neN

Proof. (b) is true. We first prove the containment and then show it is proper. Let S € |,y P([n]) be
arbitrary. By the definition of union, there is some n € N for which S € P([n]), so S C [n]. As [n] CN,
we also have S C N, so S € P(N). As S € U,y P([n]) was arbitrary, J,,c P([1n]) € P(N).

However, we do not have equality. Consider the set N. Certainly N € P(N); however, suppose
N € U,enP([n]). Then there must be some n for which N € P([n]), so N C [n]. However, n+1 € N but
n+ 1 ¢ [n]; a contradiction. Thus, N & J,,cn P([n]), s0 U, ey P([n]) € N. O

(Rewrite) [+3] Prove that if AA B = &, then A = B.
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Proof. Suppose that AAB=@. As A\ BB\ AC AA B, we must have A\ B=@ and B\ A= 0.
The former implies that A C B and the latter implies that B C A. Thus A = B. O



